
Ch5 复杂网络机制及演化模型



复杂网络

复杂网络出现在自然系统或人造系统的各个领域



复杂网络

l Internet(路由器，线路)
l WWW (web页面，超连接)
l 文章合作网络(作者，合作关系)
l 食物链(动物，捕食关系)
l 化学反应(分子，发生化学反应)
……



复杂网络的形成机制

l 自组织

个体

偏好

生长

l 涌现



几个重要的复杂网络模型

l 随机网络模型

l 小世界网络模型

l 无标度网络模型



随机网络模型

l Input: (n,p)
n 是节点个数，p是边出现的概率。

l 二项式算法

从n个孤立点开始
对任意一对顶点，以概率p连接。



随机网络的特征

(1) 聚集系数较小；
(2) 网络平均距离小；
(3) 节点度服从Poisson分布。

随着概率p 从0到1逐渐增加，网络的某些性质会
突然出现。



小世界特性



Milgram小世界实验

Milgram实验: 信件传递.

1967年，哈佛大学的社会心理学家米尔格兰姆(Stanley Milgram)设
计了一个连锁信件实验。他将一套连锁信件随机发送给居住在内
布拉斯加州奥马哈的160个人，信中放了一个波士顿股票经纪人的
名字，信中要求每个收信人将这套信寄给自己认为是比较接近那
个股票经纪人的朋友。朋友收信后照此办理。最终，大部分信件
在经过五、六个步骤后都抵达了该股票经纪人。



六度空间

l 上世纪60年代哈佛大学社会心理学家Stanley Milgram
社会调查后推断出: 世界上任意两个人平均距离是6.



小世界中“小”的含义

平均距离

•平均距离与网络规模比起来是小的

•与网络规模的对数成正比

•ER网络就具有这个性质





集聚系数

l ER网络的集聚系数

l 实际网络的集聚系数

l 晶格的集聚系数



实际网络



最近邻居连接网络

N，m=3





小世界模型算法

Start with a circle network with N nodes, each with 2m neighbors. A WS network is 
constructed by considering each of the links of the circle network and independently 
rewiring each of them with probability p(0 ≤p ≤1) as follows:

1. Visit each node along the ring one after the other, clockwise.

2. Let i be the current node. Each edge connecting node i to one of its m neighbors 
clockwise, is considered and rewired with a probability p, or left in place with a 
probability (1 − p).

3. Rewiring means shifting the end of the edge, other than that in node  i, to a new 
vertex chosen uniformly at random from the whole lattice, with the constraint than no 
two vertices can have more than one edge running between them, and no vertices can 
be connected by an edge to itself.





小世界性质



小世界性质



许多实际网络具有小世界特性

平均距离、集聚系数



作业

l 阅读WS模型的文献
l 用程序生成WS模型，并且对其小世界特性进
行计算。（选做）



无标度网络的经典机制模型
—BA模型



实际网络的演化是有新结点的加入

Barabási & Albert, Science 286, 509 (1999)

结点数目的增长

ER model: 
结点数目固定

6THE BARABÁSI-ALBERT MODEL

Nodes Prefer to Link to the More Connected Nodes
The random network model assumes that we randomly choose the in-
teraction partners of a node. Yet, most real networks new nodes prefer 
to link to the more connected nodes, a process called preferential attach-
ment (Figure 5.2). 

Consider a few examples:

• We are familiar with only a tiny fraction of the trillion or more docu-
ments available on the WWW. The nodes we know are not entirely ran-
dom: We all heard about Google and Facebook, but we rarely encoun-
ter the billions of less-prominent nodes that populate the Web. As our 
knowledge is biased towards the more popular Web documents, we 
are more likely to link to a high-degree node than to a node with only 
few links.

• No scientist can attempt to read the more than a million scientific pa-
pers published each year. Yet, the more cited is a paper, the more likely 
that we hear about it and eventually read it. As we cite what we read, 
our citations are biased towards the more cited publications, repre-
senting the high-degree nodes of the citation network.

• The more movies an actor has played in, the more familiar is a casting 
director with her skills. Hence, the higher the degree of an actor in the 
actor network, the higher are the chances that she will be considered 
for a new role.

In summary, the random network model differs from real networks in 
two important characteristics:

(A) Growth
Real networks are the result of a growth process that continuously 
increases N. In contrast the random network model assumes that the 
number of nodes, N, is fixed. 

(B) Preferential Attachment
In real networks new nodes tend to link to the more connected nodes. 
In contrast nodes in random networks randomly choose their inter-
action partners. 

There are many other differences between real and random networks, 
some of which will be discussed in the coming chapters. Yet, as we show 
next, these two, growth and preferential attachment, play a particularly im-
portant role in shaping a network’s degree distribution.

Networks are not static, but grow via the 
addition of new nodes:

(a) The evolution of the number of WWW 
hosts, documenting the Web’s rapid 
growth. After http://www.isc.org/solu-
tions/survey/history.

(b) The number of scientific papers published 
in Physical Review since the journal’s 
funding. The increasing number of papers 
drives the growth of both the science col-
laboration network as well as of the cita-
tion network shown in the figure. 

(c) Number of movies listed in IMDB.com, 
driving the growth of the actor network.

Figure 5.1

The Growth of Networks

(a)

(b)

(c)
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新结点更倾向于和连接多的结点进行连接

Barabási & Albert, Science 286, 509 (1999)

偏好连接

ER model:随机加边



Scale-free model
(1) GROWTH :
At every timestep we add a new node with m edges 
(connected to the nodes already present in the system).

(2) PREFERENTIAL ATTACHMENT :
The probability Π that a new node will be connected to 
node i depends on the connectivity ki of that node

A.-L.Barabási, R. Albert, Science 286, 509 (1999)
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size N=100,000 and m=3  
linearly-binned (red) 
log-binned (green ）. 



l 初始m0个节点的连接方式？
l m条边如何加入？（一起加入、还是依次加入）
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所有的结点服从一样的增长规则
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γ = 3
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度分布（平均场理论）
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with the numerical results (Figure 5.7a).

• The power-law degree distribution observed in real networks de-
scribes systems of rather different age and size. Hence, an approriate 
model should lead to a time-independent degree distribution. Indeed, 
according to (5.11) the degree distribution of the Barabási-Albert mod-
el is independent of both t and N. Hence the model predicts the emer-
gence of a stationary scale-free state. Numerical simulations support 
this prediction, indicating that pk observed for different t (or N) fully 
overlap (Figure 5.7b).

•  Equation (5.11) predicts that the coefficient of the power-law distribu-
tion is proportional to m(m + 1) (or m2 for large m), again confirmed by 
numerical simulations (Figure 5.7a, inset).

In summary, the analytical calculations confirm that the Barabási-Al-
bert model generates a scale-free network, predicting the degree exponent 
as Ȗ=3. This exponent is independent of the m and m0 parameters. Further-
more, the degree distribution is stationary (i.e. time invariant), explaining 
why networks with different history, size and age develop a similar degree 
distribution.

BOX 5.3 
CONTINUUM THEORY

To calculate the degree distri-
bution of the Barabási-Albert 
model we first determine the 
probability that the degree ki(t) 
of node i is smaller than a value 
k, i.e. P(ki(t) < k). Using (5.7), we 
write

In the model we add the nodes at 
equal time intervals (BOX 5.2). To 
capture this temporal uniformi-
ty we write the probablity that a 
node arrives at time ti as a ran-
dom variable with a constant 
probability density

Substituting (5.13) into (5.12) we 
obtain the cumulative distribu-
tion

By taking the derivative of (5.14) 
we obtain the degree distribu-
tion

For t ɝm0 (5.15) becomes (5.9).
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速率方程

t时刻度值为k的顶点组成大小为Nk(t)的集团
新顶点进入时，变化率为：
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Master方程

l 分布函数：
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增长和偏好连接缺一不可



k

i
i

i
i

e
m
k

m
ekP

tm
tmmtk

tm
mkA

t
k

--=

÷÷
ø

ö
çç
è

æ
+

-+
-+

=

-+
=P=

¶
¶

~)exp()(

1)
1
1ln()(

1
)(

0

0

Model A

growth                  preferential attachment
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作业

l 阅读BA模型的文献
l 程序生成BA模型，拟合度分布。（选做）



问题与改进

n 指数g＝3且与参数m，m0无关
Krapivsky等2000：考虑顶点历史
Dorogovtsev等2000：m条边不从新顶点出发
A-B2000:加点，加边，重联
Cooper等2001：加边，加点

n 度度相关性为零——与实证相符的匹配模式
n In－Out幂律分布



加权网络的演化模型

l 边权固定模型
l Yook-Jeong-Barabási-Tu (YJBT) ，Phys. Rev. Lett. 86, 

5835 (2001). 
l Zheng-Trimper-Zheng-Hui (ZTZH) ，Phys. Rev. E 67, 

040102 (2003) 
l Antal-Krapivsky (AK) ，Phys. Rev. E 71, 026103 (2005) 

l 边权演化模型
l Barrat-Barthélemy-Vespignani (BBV) ，Phys. Rev. Lett. 92, 

228701 (2004) 
l Dorogovtsev-Mendes（DM），arXiv: cond-mat/0408343  
l 中科大流驱动模型，Phys Rev Lett. 94. 188702 



基于科学家合作网的加权网络演化模型

( )ij ijw f T=

(1 ) ( )
d
n

i i ni
n i

j j njj j j

k s lp p
k s l

d d
®

Î¶

= - + - +Õ å å å

( 1) ( ) 1
ni ni
T t T t* *+ = + ( 1) ( ( 1))

ni ni
w t f T t* *+ = +


