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EX (FAZRR): MARCTAT, oRC (R#ELL) B4, o: RxM - M, Fy¢
ih 2

(a) (0, x)=x VxeM (EF)
(b) (s +1,x)=@(s,o(t,x)) Vs,teR, YxeM
WoAMEMCT (RES) K, CARED N R %,

FoRAMEME SR, Wit FAELZ O e R o = o )3 R LT — ik 46 ik
He' M- M, H: @ = =id(lEFBg), o =g o’ =¢*o¢ (Vt,5s € R)

F— 8, t = 0% &6y~ 12F dte0,x) = x
B b, e Aea gt BRSBTS TR T ¢+ sAYBESTe(s + £, x) = (s, @(t, X))

X AR T AR



3 GAM): E L5 MARYERYE 7 (manifold), Ze F 52
(a) U AMOFE, JUpg=M, BHELEIF—08H, @p: Uy = Vo CR"
(b) HUxN Ug # 0, w’JIl]%B o (PEI : wa(Ua (Y UB) = ¢p(Ua ) Uﬁ)f&"_C" a9
() HEx €Uy X€ UgHx £ X, WAER" FOFEW. Cc V. CcR" WcC VgC

R™, @o(x) € Vo, @p(%) € Vpik iF@, (W) ﬂgo)gl(ﬁ«’) = 0.

IR A — AT & B L s Al (a)Ffefi i 25 44 (b) J6 T Ak 8 — AN 2 By S A B = AR £
— (TR BP o] VAE 2 B AR B AT R R 3T %, {2 L HAK E R L AR AR



Begt: XESXYABRNEZTESLS, —AMRXB| YIS, TS X - VX g2 —
ANEN, CAXE—ANTEELTHE—GYFPHLExH y,xeX,yeY

#HE: MARALTHAEGELSXEYZ RS X > YA A ELY, wRYPaTE
FEIXANBRAT A 1% B G TF A 2 TX F a9 - &

KX (B): 5 — A Fbhp: RxM —» M, HEELE—fxeM, W&

EOrbyyy = {p(t.x); t € R} ¢ MARE AL Extydhit .



FoAMEESER, Wi TFHZLZHTNEreR, ¢ = ot,x)F LT — A E 409k

He' M- M, H: @ =¢ ™ =jid(leFmkdt), ¢ =g op’=¢o¢ (V1,5 €R)

LO% Tt T, NiEshH A Gfe— N B RSN

ooood | M) = ()
o 0= G|, m SO

.z+m;_ T
0o Lew - tim L0
= lim @™ (p'(x)) = (¢! (x))
Ar—0 At
= lim ¢UE () — ¢ )
Aa—0 Aar

— d v(I('_I( _)l
= a¥ ) le=0

= f(¢'(x)

ZFW=F0) y=¢@, U, F=fo)
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’f“;“"x(n_]) —_— }"H

x = f(x,1)

Xea1 = f(Xp Xe-1,..2)

I8k 7 Fefe 2 5 T A2

h d}n
= fns Yn-1, - -
x = y d};f_l = ¥n
4
b _
\ df T
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, = = —ax
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X = f(xt—lyxl‘—Z, . ,xt—n)

WA, Xiot = Vias X2 = Your -oosXeen = Yusr TR

.

Vil = X = f()’l,r,}’lr, e ,}’n,r)
Y2i+1 = Vi

N3r+1l = V2r

Ynt+1 = ¥n—-11



Example

Ay — /&R, BPAZnxnsEE, xe R, te R,
egl
sE Ty Rk X = Ax

eg2 K At 2 T

x(t) = c1 coswot + co sinwot
c1
A=./A+c2, 6 =arctan —
Ca

cos wot + sin wot

c1
z(t) =B+ 3| —
L VE+4

= A(sin # cos wot + cos 0 sin wpt)
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x = f(x,1) EHA R AR, HRAVEE B Sk A

d
E""r (x) = f(¢'(X) HEARBARE, #H4kBamH i

1) BFa]-F45: Fx = @t)2x = f(x)09AF, el —1tg) 2 742698, BhL, Sr—1o=1,

w4 =4 pp

T

d
Eﬁf:f(xﬂ‘o+‘r)=f(x)

2) B8] BT Aok

Cr+12(X0) = @1, (@1, (x0)) = @1, (0, (x0))

WAHH RGN RELThELETHAON N ZETR—ANA LM H4E, A LMY
HARER MIEF RHEN SRR TN BEMa TR RALE F R, =
FZRIN R IB Ao e R . AE B IS MINF AL T HAF 2 A I RIRFh AndEH) 69, A WA E B
B RRT AHNE — /NS B ERET,



xX=y

X = y j‘ = —X+ <1
ST
y=—x+coswt = W
22 = W1y
B 1) 3 3R A 4 = f(x,t,t — 1)
* = ax x(1) = xge™™

i =3X;_2 x(1) = Sl'n(%ﬂ't)
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Stochastic differential equation

dx = a(x, t)dt + b(x,1)dW

_J- r E 1!.;::' -}:
= T B %k 2

DY - €0, e = d0—1)  Winer AL s it A2
’ £ X — 2

Fokker Planck Equation:

Y 6—x[a(3:, Hpl + Eﬁ[b (x,1)p]



Ornstein—Uhlenbeck process

Langevin equation( ¥ Z 7 75 4£)

dx
- =) B = () + ()
dx

= = fOu ) + (o)

% = fx, () + g(x)n(t)
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The Existence and Uniqueness Theorem. Consider the initial value
problem

X' =F(X), X(0)=Xp

where Xo € R". Suppose that F: R" — R" is Cl. Then there exists a unique
solution of this initial value problem. More precisely, there exists a > 0 and a

unique solution | ,
X:(=a,a)—= R

of this differential equation satisfying the initial condition



Examplel:

1 (x<0)

xX=

-1 (x=>0)

there is no solution that satisfies the initial condition x(0) = 0.

Example2: = 323 with initial condition: x(0)=0
Multiple solutions: x(t)=0
x(t)=t3

x(t,t')=0 if t’<0 and x(t,t")=(t-t’)3if t’>0

3X2/3 is not differentiable at point O
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Let O C R" be an open set. A function F: O — R" is said to be Lipschitz
on O if there exists a constant K such that

|F(Y) — F(X)| < K|Y — X|
forall X, Y € O. We call K a Lipschitz constant for F.

Theorem. Let O C R" be open and suppose F: O — RR" has Lipschitz
constant K. Let Y(t) and Z(t) be solutions of X' = F(X) which remain in O
and are defined on the interval [ty, t;]. Then, for all t € [ty, t1], we have

1Y (t) — Z(t)| < |Y (o) — Z(tp)| exp(K(t — 1p)).
The solutions Y (t ) and Z(t ) start out close together, then they remain close together for t near t,.

Corollary. (Continuous Dependence on Initial Conditions) Let

¢(t,X) be the flow of the system X' = F(X) where F is Cl. Then ¢ is a
continuous function of X.
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Theorem. (Continuous Dependence on Parameters) Let X' = F,(X)
be a system of differential equations for which F, is continuously differentiable
in both X and a. Then the flow of this system depends continuously on a as
well as X.



https://en.wikipedia.org/wiki/Dynamical_system

A dynamical system is a manifold M called the phase (or state) space endowed with a
family of smooth evolution functions @t that for any element of t € T, the time, map a
point of the phase space back into the phase space. The notion of smoothness changes
with applications and the type of manifold. There are several choices for the set T. When
T is taken to be the reals, the dynamical system is called a flow; and if T is restricted to
the non-negative reals, then the dynamical system is a semi-flow. When T is taken to be
the integers, it is a cascade or a map; and the restriction to the non-negative integers is a
semi-cascade

http://mathworld.wolfram.com/DynamicalSystem.html

A means of describing how one state develops into another state over the course of
time. Technically, a dynamical system is a smooth action of the reals or the integers on
another object (usually a manifold). When the reals are acting, the system is called a
continuous dynamical system, and when the integers are acting, the system is called a
discrete dynamical system.


http://mathworld.wolfram.com/Integer.html
http://mathworld.wolfram.com/Manifold.html
http://mathworld.wolfram.com/Integer.html

https://en.wikipedia.org/wiki/Flow (mathematics)

In mathematics, a flow formalizes the idea of the motion of particles in a fluid. Flows are
ubiquitous in science, including engineering and physics. The notion of flow is basic to the
study of ordinary differential equations. Informally, a flow may be viewed as a continuous
motion of points over time. More formally, a flow is a group action of the real numbers on a
set.

The idea of a vector flow, that is, the flow determined by a vector field, occurs in the areas
of differential topology, Riemannian geometry and Lie groups. Specific examples of vector
flows include the geodesic flow, the Hamiltonian flow, the Ricci flow, the mean curvature
flow, and the Anosov flow. Flows may also be defined for systems of random variables and
stochastic processes, and occur in the study of ergodic dynamical systems. The most
celebrated of these is perhaps the Bernoulli flow.

Flow in phase space specified
by the differential equation
of a pendulum. On the x axis,
the pendulum position, and
on the y one its speed.



https://en.wikipedia.org/wiki/Flow_(mathematics
https://en.wikipedia.org/wiki/Mathematics
https://en.wikipedia.org/wiki/Engineering
https://en.wikipedia.org/wiki/Physics
https://en.wikipedia.org/wiki/Ordinary_differential_equation
https://en.wikipedia.org/wiki/Group_action
https://en.wikipedia.org/wiki/Real_number
https://en.wikipedia.org/wiki/Set_(mathematics)
https://en.wikipedia.org/wiki/Vector_flow
https://en.wikipedia.org/wiki/Vector_field
https://en.wikipedia.org/wiki/Differential_topology
https://en.wikipedia.org/wiki/Riemannian_geometry
https://en.wikipedia.org/wiki/Lie_group
https://en.wikipedia.org/wiki/Geodesic_flow
https://en.wikipedia.org/wiki/Hamiltonian_flow
https://en.wikipedia.org/wiki/Ricci_flow
https://en.wikipedia.org/wiki/Mean_curvature_flow
https://en.wikipedia.org/wiki/Anosov_flow
https://en.wikipedia.org/wiki/Random_variable
https://en.wikipedia.org/wiki/Stochastic_process
https://en.wikipedia.org/wiki/Ergodic
https://en.wikipedia.org/wiki/Dynamical_system
https://en.wikipedia.org/wiki/Bernoulli_flow
https://en.wikipedia.org/wiki/Phase_space
https://en.wikipedia.org/wiki/Pendulum
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Why geometric view

X =sinx
dx
Analytical way: dt - .
SI1IN X

t=Jcscxdx =—ln|cscx+cotx| + C

CSC X, + cot x,

f=In

cSsCx +cotx

AL

b dx/dt
Geometric view

=




J’%:)‘L ('%,‘.5\\ ﬁ-,‘."?s):
NNEG%e: RXM—> M, HxeM, 1 (x)=x (teR), Wx2iZ3) 7/ FAGAF)
. (Frh, FHE, 288, S, RAEREFE)
I B Z 0y B AR AT S, TREPIB 1S B 8Y b,
dx

EP(X) = RPN R R, WL X li=o= 0 = = f(x) f(z)=0

Hf(x) £ 0, PAXARMET &
Mgt FAI B BN N R, Hf(X) #x, NXfrAF 5



FHF: HBSf RS> RUESCTRABBEAETTA R > R, &£/ f(a+
h) — f(a) = Ah + o(||h]]) (h — 0)mk 2. AFREf(x) a9 FHF, ie4EDf(a).

L—H®AKY, FHTHRABFTOFH, ESERATY, FHTARTILET, a4

ARG A f FHT DFRIETWIES: Df = [gf_]
J

SHE G A F g, AR M TR A
@' (X + x) = ¢' (%) + D' (X)x

N d , =
£ 4 DO (X) 2S5 F, HHEHH A% ETFHHS T4 E‘P’(x) = f(¢' (),



d tr= _ d 'l,t— R
— (D (@)x) = —[lim —{¢'(T + s3) = ¢ (D}]
. d 1 Ty = PN )
— ll_)naa[;{go(x—k sx) — ¢ (X)}]
1d o d
= lmSlge G 0= g (]
I D
— 11_1;% E(f[«,o (X + sx)] = fle' (X))

R I
- lgl‘é ;( f@'(X) + D' (X)sx) — fl¢'(X)])

1 B L I
B ?_135 E(f(f,o‘(.f)) + Df(¢'(%) - D' (X)sx) — flg'(D)])

= Df(¢'(%) - D' (X)x



d |
—[D¢'(9x] = DF(RID' (F)x

) Dy'(3)x = Py

X1
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JR BARIR A — 3R T AT B AR

MEEA: RN RAGTAKEALY = f(x), X R F 5, HALY |hz= f(F) #

0, (CA—AFIAE), N TGEit F45 T #r —/B 5, it 3E 4 769 500 T 395 F(D) L
#(1,0,....007 = (1,007,0 &n - 1 4%,

—

£ A &a

)
£ ]

p




WF AL, AR S E TR AL, An, TS S AR T LE:

IE il -4 8 di. ReA; =0

Sy -4 & (Hyperbolic): Wi, Re A; # ()

5, ImA; #0

=3

gi:‘\‘l?‘ .fli > O._, .fl’ < 0
JC % Sink Yi, Red; <0

J7.&. . Source Yi, ReA; > 0



Hartman® #: R" L83 ) & L' ()i Zx = f(x), T2 (x)a9 iy -Ffr &, N F&x 4948
MU c R'FeB IR Hh: U — h(U) c R, 1£4F: h(x) =0, Bl (x)) = P p(x)

—

- EefE AN
XM EFHELZEF N F GO ()-8, Hx=f(x), WHEAEBRESATiZE

Wy (X), Wi (X), BEoA5 &= Df(x)xt4e2 5482 F 28] ESF= E* x40
o
#%jﬁ}é]fé‘ VieeoowVa,, Ur,..., Uy, W],....Wnc,)‘(j‘j’#éj:/fﬂ:_#ﬁRé’ A < 0, Re 4; > 0, Re 4; = 0
% A Es=Span{iVi,....Vu ), Ey = Span{Ui,....Up}, Ec =S paniWy, ..., W,_}.
Ak W ()={xeU, xeUcCM, ¢k —>xt->o0 LX) el Vi

A WD =xelU: xeUcM ¢U)—x 11— —cH¢x) el Vi



Example: a planar system

i
X =ax+ by
4
y=cx+dy
\

(Y | (Y ()
dl x a b X X
E — :A
Wy ) e d){y) Sy

suppose that A has two real eigenvalues 1; < A3 A; # 0.
. A1 <0< Xy 2. A1 <A <0; 3. 0<A <X



A0
A= (0 kg)

An eigenvector corresponding to A is (1,0)and to A, is (0, 1)

()

A K\
Phase portrait:
| r

-

X(t) = we

L\

/)




=0 2)

the eigenvalues of A are £2,

An eigenvector corresponding to A is (3,1) ,and(1, —1)to , = —2

3
Unstable line: X;(t) = ae’! (1)

.
Stable line: X(t) = Be % ( 1)

2t 3\ e 1
X(t) = «e (1)-1—,88 (_1)






_ (M0 A <Ay <0
A_(O lz) 1 2

X(t) = ae™’ ((1)) + Bet?! ((1))

dy dy/dt lZﬁekzt A2p e(A2—A1)t

dx  dx/dt  AaeMt L«

Since A2 — A1 > 0, it follows that these slopes approach 00

call A; the stronger eigenvalue

L the weaker eigenvalue




A — a0\
={o satisfies 0 < Ay < A




A= (—Oﬁ 0)

The characteristic polynomial is A* + B2 = 0.

the eigenvalues are the imaginary numbers +ip

the eigenvector corresponding to A = ifsatisfies

(_—f jﬁ) (;) B (3)

find a complex eigenvector (1, i) anda complex solution

X(t) = e'Pt (1)
1



Using Euler’s formula: €I‘Bt = cos Bt + isin Bt

X(1) = ~ cos Bt + isin Bt )_( cos Bt + isin Bt )
'_(i(cosﬁt+z’sin,8t) ~ \ —sin Bt + icos Bt

X(t) = Xpe(t) + iXim(1)
Xge(1) =( cospt ),le(r) — (Si“ﬁt)

—sin Bt cos Bt
Where Xg.(t) and X,(t) are solutions of the original system
Xno (1) +iX] (1) = X' (t) = AX(¢)
= A(Xpe(t) + iXim(1))
= AXRe + 1A X1 (1).




X(t) = c1 Xpe(t) + 2 X1m (1)




o« B
A=(5 o)
the eigenvaluesare A = o £ if (1,1) is an eigenvector,
Stip)t (1)
i
Jat cos Bt + et sin Bt
—sin Bt cos Bt

= Xpe(t) + iXim(1).

X(£) = et ( c?sﬁt) + oot (sinﬁt)

X(t)



@ @

Phase portraits for a spiral sink and a spiral source.



A0
A=
0 A
Every nonzero vector is an eigenvector since AV = AV forany V € R?

X(t) = aetV




=3 )

There is only one linearly independent eigenvector given by (1, 0).

| 1
X(t) = ae’ (O)

To find other solutions, note that the system can be written:

xr = Ar+vy

y = Ay

we must have y(t) — Bekt
i = Az + Be
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| ] £ | = 1
t_ 2.2 3 _ n
et _(I+Ar+—2!A t +—3!A +...)= EO—HI(Ar)
Hn=




| X0 COs wt — Yo sin wt geos(wt + )

e

' xp sinwt + yg cos wt gsin(wt + @)

Il
S|~
p—

==
|
&
—_—

0 —wt 1| —(wt)? 0 1 0 —(wt)?
I+]| + = + o5
w0 21 0 —? ) M @? o

1| @y o 1 0 (w)
+— + = +
Yo @) M@ o

~ ( cos(wt)  sin(wt) ]

—sin(wt) cos(wt)
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Wit 4T N (asymptotic behavior )

RUER S AR 3) ) RGHENTRITE 55 5 AT, Rt #it TN,

I IR &, HBRE

CAMENF N A%, X € MARFIEB Y (x0) IR &, 4o RIF P, — +o0,
£ @™ (x0) — Xoo ¢ (xX0) 89 P A w IR & 20 5% 69 55 & A o' (x0) B IR SE | 184E Lo (x0).
Lo = U Lo(xo) B 8GR IERIE Yt — —colit, 48R 2 o IR IE Ly (x0)

.T('(]EM

L(xo) = La(xo) _|Lu(x0) L= | ] L(xo)

xpeM



E.g.l

If & is an equilibrium w(&) = a(&) = &.

E.g.2
r=—-x xT€ER

For the equilibrium Z = 0 we have that a(0) = w(0) = 0. For any other point z € R\ {0} we obviously
have

E.g.3

r=r(a—r),

0 =sin?0 + (r — a)?

. R >
three equilibria 79 = 0, (#,0) = (a,0), and (#,0) = (a, ) f

The w-limi set for most of the initial conditions represent the closed curve composed by two
equilibria on the circle, and the heteroclinic trajectories connecting them






t = sinz(—0.1cosx — cosy)
y = siny(cosx — 0.1cosy)
?’ — = ? (7, 7)

(0,0)L _ -

The w-limit set of any solution emanating from the source at (rt/2, n/2) is the square
bounded by the four equilibria and the heteroclinic solutions.




Three equilibria: at (0, 0), (-1, 0), and (1, 0). The origin is saddle, and there are two homoclinic
solution



2. dk#%3% % (nonwandering set)
Stx € MOGEZARRU € MABAET > 0, 13T (U)NU # 0. N Akx £ 5 &
% ARG B PR AEGES B R A E S AREIEGSE S R, THEQ.

3. B 3A =
xeM, AT >0, ¢ T(x)=¢(x)HFVeeR

4. B )3 &

xeUcCM, Yt>0, ¢(x)eU BEIAIRLT Ko

FICAN EREAF, AP EEAP, WA EEAR, WA
FcPcRcLcQ



5. 7% % (invariant set)

ELAMERTE, FVxecA, MVieRA Jx)eA At>0, WHAERE
F, t<0, MAILRETE,
6. %A 3| & (abstracting set)

FELAMERINE, WwRARKATR, BAAEFRUDA, EFVxeUkot>
0, ¥t — +oo Bf, ¢'(U)=A FURENKT M, WARKEGANERE S K. R
He, K& U OMREATTRE T

<0

FRAIEAR AT LAY, WAFAER 3] F (abstractor) .

— NIRRT RARZ LI TE, EHEETFRUVCA . It>0, ESHU)NV £0.
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la) F— &2 — A REE,

b) HE—ARE R d— R 7| A KA AR
2. MIREAF K, (A4 )
3. MMREATRTER, FsbA b & E .
4. weBIRIEA 2 (" (x0)] > +o0)BI B FZMH A t —> too B, MEABALY .
5. L) A ¥ 5 R 2542

r‘i}g ¢'(xg) = X (‘IET_HW ¢'(xp) = X)

6. AZ—NHITE (HFHAAMREE), Fxpe A, WL, (x) c AELL,(xp) C A.



Theorem. (Poincaré-Bendixson) Suppose that Q2 is a nonempty, closed
and bounded limit set of a planar system of differential equations that contains
no equilibrium point. Then S2 is a closed orbit.
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(g iafa € MEALIRS A2 € 1)

SETIFENN N ZAR, FRENN RET
A W) RRAR AR AL B A ER B LM B, A M AR
JUF R M 2], RoA LA XM ey s
M FatE X T 4 ﬁ%ﬁm é‘] i



i f2 € (Poncaref2 € 1)

TXTMEGFH N ZFARSAEBE AR E Y, 4o X

Ve>0, 36(e) > 0, ME&GIEH |10 — x| < 5, W]||Orby(x°") — Orb,(x2)|| < &

A
Ve>0, 35(e) >0, Ir 218, H|gG) — " (2| > o8 (3 x01, X928 R dgAnd514) |
BEVIT : (1, 02] = [t 2112753 1 O — o702 < &

Ft— oolit, |l — oTOK2)|| - 0, N AR$hiE HHEALE



0=r KAN
o N
ﬂ%i%ﬁ‘ﬂ‘ﬁ‘é? -5’—? ’H-’Q(Io) = 90 = O, F(I@) = CéJJ i)lﬁ.ﬂ?b

2

Orby(x,y) = (x,y), X2+ }-‘2 =c
Ve>0E =€ 17=19, A:

| | | . | | |
”‘Pm(cs 0) - SOIO(C + 5()» 0)” = ”C - (C + 5(5)” = 5(5 < 0

P ) = —C
M T(t)_c+6t

1] —

- | 1 |
' (c,0) — T D(c + 560l = 56 < e.

RYEE L ZRARAFIERE N
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KA (LyapunovAs & )

EXTFTMLENY, xoe M, #V¥e>0,36>0,T>0,¥t>T, ¥x€ Uygy(), PPxitxgh4RiK

Hllx—xoll < &, W |l¢'(x0)—¢'(X)Il < & W FRe'(x0)E-H Lyapunov #2714, R’ (x0) A
Lyapunov£& % 49.

%' (x0) — ¢ (X)|l — 0 W #R¢ (x0)£-F Lyapunov #7 1 %% 7 14 R Lyapunov #7457 49

HXA TS, Ye>0,3T>0,6>0, H|x—x|| <46, t > Th:
' (X) — ' = llg'(x) — %Il < &, Wz ARAFEE 4.
Fle'(x) — x|l — 0, MARA#r a7 49,



AE RN ERAE: - FHEXe, FAEF—EI() > A ETF
HF—AN2(e), b B —NREO), F1F BT LI, 45 T2(0)8
BT B L B 32 (E)

Y

e —NLRHNFE ZMIEAR, BRERAEDTE, WL, MmO ML TA 239 K]y, B
RGAE TR, RAESZTHRRKTFH. SwERELSFHREN R EZ DT ER, W
Bo T H#LAE 2, LR Lz 2R 2 AR Ae=0, FZRAARLREZL LT 3|
E—RE, IpRE—RES AR S



FRSEEHE (VEH)
xeURXY), V(X)20<0E V=0, VeCl, MVAHx* &) HIi6 K R,

H UK E: x— 58403,

£
i#4Fe'(x) (e. x = f(X))VA A Mx, Hxd A F K EHV.
® & x €eU®), V(x) >0, & =9V <0, NxRAETH

@ EV(x) >0, Vx)=0e x=x, xe U A I ‘g‘;‘f <0, MxsriLfd <



T =—x
V(z) = =2

awv. ., .dr
E—V(I)dt—zi‘
dV

dz

dt’



E.g.2 A ARLMER R J19k 1

TIE: mi+k(x+x3)=0 y = _%(x+13)

Lyapunov &3 TR A R A LT
V(x,y) = E(x,y) = 1/2my* + k(1/2x* + 1/4x*) > 0

dE JOFE dx N dE dy
dt ox dt  dy dt

= kxy +kxX’y + myy

= kbyx+x)—ky(x+x)=0<0
F (0, 0)£ LyapunovA& % _#9
Y+ o2+ 1% = ARG K@ I AR T )ik

.
\

Nl




x=y

HIH)e: mi+ax+k(x+x)=0 5

—Lx+x3) -2y

ik A E(x,y) = gmy* + k(3x* + 3x*)

dE
dt

D (0,0)RAZE 4, (2 RFHZ(0,0) R FH LA

= my(—f(x +x)— %y) + k(x +x3)y = —ﬂry2 <0

Vix,y) = %my +k( —_x* + 1x)+ﬁ(xy+%gx2)

dv

myy + k(x + x°)x + B(xy + Xy + ngc)
m

(my + Bx)y + (k(x + ) + By + Ex)fc

~my + B G )+ L)+ ka4 ) + oy + Loy
Py -+ )

L0<B<ablf, Vix,y)>0H & & <0, (0,0)#7 LA3E



Zlfl = —X9
: _ 3
To = X1+ Loy — 32172

V(x) = z2 + 3

av anleranmQ
dt ~ Oxy dt  Ozo dt
s dx dxo
= 2o v

= 21 (—x2) + 2z2(z1 + x5 — 3x2)
= —2x1x9 + 2x971 + 2:{:3 — 6:13%

= 2:1:% — 633%

= 29:% (:I:% — 3) :

—\/§ < T2 < \/§ dV/dt < 0 :> The origin is a stable fixed point
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E.g.4 BHJE Z24iGradient system

Let h: R™ — R, i.e., h is a function of n variables which returns a single number
answer. The gradient of h, denoted by Vh, is the vector of h’s partial derivatives.

: 2
h(x) = [fﬂl } — (22 +22)% = o + 20%2 + 2f,

vl Oh/0xy | _ 43 + 4z 73
Oh [0z 4xizy + 473
: B —43:1{‘ — 4:1:13:5
= —Vh(r)= [ —4g3xy — 43

(X) BT AR 25 31324 5 B8 B
dVv  9Vdxy 0OV dxy [ 0V/0x ] [ g;‘l‘

E B Oz, dt + Ozro dt B | av/6$2 352

= VA(X) - [-VA(x)] = —[Vh(x) - VR(X)] = —|VA(x)|’




T —2xe™2
R RS [ .":[ 2022 9 ]

I —rie™? — 2z
fi(x) = —2z1™  fo(x) = —CU%E-IQ — 223
% — —23_’,‘1812 _— % @ 7%7}%};{%2{4
6.’.{?2 6.’]5'1
h(x) = | —fi(x)dz; = -/2$1€-I2 dri = m%e” + C'(z2).
oh oh
D2y = —fa = :Efe“ + 2x9. [FNAG oz, = x9e®? + C'(x3)
CI(J»'Q) = 2:132

¢ h(x) = ze™ + x5



E.g.5

S A% X = fx), ¥R R0H 2

. V
V—f;—-’f‘VV - f(x) <0
deg; 02 ‘
Exg:VV,ﬁUﬁﬁ\gf‘_:O, a—glzﬁ,)j\ldﬁéio
Xj  0x
jj':}.-
j‘:—kx3—y
. d o
g1=(1+2%x)x+y gr=x+2y ai_\,.-l: ! :ﬁ

gifi +g2fo = [(1 + 2kx)x + yly + [x + 2yl [—kx” —y] = —[kx* +y*] < 0

il 1t 3 g AR T VAR VA

1, 1 1 1 1
Vay+oy+ X+ x' =+ 0"+ -x"+

4
2* T3 yX) F g ax =0
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EARBERAWRRAABTE RS
MONIEB )G, 2512 %2 LA W
THEIZRS. EALERAL T, TN
AT T o FALT AR T L, LI VA
T RABTR) I a9 IR S o



sFTEREEFH ) R4

T RG f=f(0)

4 f(5) = 0T KRR &M, DfD = %]

L j{ < 0B, xA&8%

& j{| > OB, ¥ RALE.

M XA dr it A5 E



SEEY PTT VI R

v =g(x,y)

of  of
S pas =0 TREARERGED =0, DF@=| ™ P || =g
e U 5
4 Jizy) CVAFAEARE AL AKR TR, (X9
L Jzy) R —ANFAERERKTE, (3, 7)EE.



B & %

Xep1 = f(xp), EEZEAX = f(X), Zxx MLy + x B A 454hiE,
X+ X1 = f(X+x) = f(X) + Df(X)x;

X1 =Df(X)x, = x = [Df(.f)]’xo

Bl s, 4o RxA2E, WRRDf(3)694FFAEAR AR < 1



x—x3:0 = x; =0, f2,3::|:1

. d . | .
X ==(x- ) o x=x BP x=x

FITVA X A AL E 0 37 ..

X23 -

t:dx(x_x:;) |x—il—_2x EP X =

ﬁﬁ‘blng,}l’;%g é’J—T“fﬁI. o



y=y2-x-y) 1y) e,

vy ) L0 21y
(0,0) R~ F&7, KL 75,1 — 2{1’3##4117‘&3(0 )7 @)




(.Y ()
- X -1 0 X
#1(0,2) 1=-1,-2 =
v ) =2 =2 )y
0,2)32%, WKL HEA= -1%4#4;1:.%2.(1 —2);2 H#1(0, 2)

3,00 1=-3,-1 | |=

Y )\ JUY
G.OE%E, AL EI= 10945553, —-1)23E153.0)

F(1,1) A=—-1+ V2 Tl

(1,1) ez, w5, 1=—-1- \/'é’atf#mzé&g(l +V2)4E i
(1.1), A=—1+ V289454520, +V2) £ F(1,1)



A x=ax(l-3) = x=1-1
6—f—a 2ax z=a—-2a+2=2—-«a
0x

L 2-a|> 10, IRFEZ;

4 2-a|l <18, x4&



@ MG A% F=(1- )X

EFHABNES: 11=0=1, 2 X=x+x 173

d | | - -
E(i‘ + _x_) = (1 - X — x_)(j + xt—'r_)

dx
dt

=1 = xx—¢) = Xx —xxr + (1 = X)X
Z2w& 2 I xx, AT 5

D (1= %) — %

dt



® H BN A %

%é{jﬁé{] i;& %J.f — 0:! /"’:’K.t = P/h‘v ﬁ:’l -+ [TE_IIT +ﬁ — 0)

HIEaFaB t4BAA, TVAF|Z A IER , A E 2 S 0F8 8

® '%‘}Jé—"‘/\ “izh A & %’ﬁ(}i}" ;}’}"ﬂi?j’?‘f_{_) The Brusselator
The Reactions

A= X i =1—(14+0b)x+ az’y
B+X—=Y+D . )
2X +Y = 3X Yy =br —ax7y

X—=E



= f(z,y) :1—(1—|—b)x+a332y
y:g(xay) :bZU—Cl,ZEzy

Fixed Points
f(z*,y") =0
g(x*,y") =0
of
| Ox
R
ox

1
Ai:§(@

1 — (14 b)z* 4+ azx™y* =0

x
br* — ax™y* =0 Y

- ("5 )

(z*,y*)

)::

¢w—a—1y—4@



2
f(u,U) =1— (b—l— 1)u—|—au2fu_|_Dla_u
Or?

52
g(u,v) = bu — au’v + Dga—:;

(1,—5), B AR =Au=u—1, vi=Av=yv-—2

a

(af af \( ‘O 2 \ ( )
a N IR N
| e e || 2 .

W AN N \ 0 Dzar?- JU V1

( ' AW A ( ) \Yi A
b—1 a || u D% 0 [ uy

. -b —a || v | 0 DL v
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é\ lHq _ eikr 5]
ey L V2
15
(Y \(
J | w b—1— Dk a iy |
E p—
L2 )\ —b —a — Dsk? N v2 |
153 45 LEAR 7 A2

P +Aa=b+1+(Dy+ D)k +a+aDk* = (b— 1)D>k* + D{Dk* = 0



Routh-Hurwitz #| 4

NAI-A|l = ap+ap-1d+a, 212 + -+ a1 A" +agA" =0

ay das as
apgp az a4

a az as

o o o O
o o o O

FR4E Routh-Hurwitz 142, 1% EARE A LB M RIHE BRI A RRATE (@ > 0)
H Routh-Hurwit SFEfF75I A MIRF 72 (leading principal minor) ¥k F&, K
A1 =a; >0,Ay =ajas —agaz > 0,--+, Ay >0k =1,2,--- ,n—1), HHE k BIFETL A
B H B k 5 k fTRO SR 2



