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2.1 动力系统的定义

这两点构成了因果律







若 关于时间连续可微，则该动⼒系统和⼀个微分系统等价：

令

则



对连续流抽样： 构成离散动⼒
系统。相应地，如果同胚映射f满⾜：

则构成⼀离散动⼒系统。



连续动⼒系统对应于微分⽅程，⽽离散动⼒系统对应于差分⽅程。

通常只考虑⼀阶的微分⽅程和差分⽅程

例如：





Example

对应于微分动⼒系统：
eg1

eg2 无阻尼自由振动

let

x

y



微分⽅程中的时间 t

右边显含时间，称作非自治微分⽅程

右边不显含时间，称作自治微分⽅程

由动⼒系统的定义可知连续可微的动⼒系统对应⼀个自治微分⽅程，非自治微分
⽅程有时候并不满⾜动⼒系统的定义。自治微分⽅程反映的系统自身的演化机制，不
考虑外界的驱动和控制。非自治微风⽅程可看作是有外界驱动和控制的，有时候非自
治系统可以嵌⼊到⼀个⾼维的自治系统中。



等价于

时间延迟系统：



Stochastic differential equation

Fokker Planck Equation:

随机动⼒系统



Ornstein–Uhlenbeck process



微分动⼒系统解的性质
解的存在和唯⼀性



Example1：

Example2: with initial condition: x(0)=0

Multiple solutions: x(t)=0
x(t)=t3

x(t,t’)=0 if t’<0 and x(t,t’)=(t-t’)3 if t’>0

3X2/3 is not differentiable at point 0



解对初值的连续依赖性

The solutions Y (t ) and Z(t ) start out close together, then they remain close together for t near t0.



解对参数的连续依赖性



https://en.wikipedia.org/wiki/Dynamical_system
A dynamical system is a manifold M called the phase (or state) space endowed with a
family of smooth evolution functions Φt that for any element of t ∈ T, the time, map a
point of the phase space back into the phase space. The notion of smoothness changes
with applications and the type of manifold. There are several choices for the set T. When
T is taken to be the reals, the dynamical system is called a flow; and if T is restricted to
the non-negative reals, then the dynamical system is a semi-flow. When T is taken to be
the integers, it is a cascade or a map; and the restriction to the non-negative integers is a
semi-cascade

http://mathworld.wolfram.com/DynamicalSystem.html
A means of describing how one state develops into another state over the course of
time. Technically, a dynamical system is a smooth action of the reals or the integers on
another object (usually a manifold). When the reals are acting, the system is called a
continuous dynamical system, and when the integers are acting, the system is called a
discrete dynamical system.

http://mathworld.wolfram.com/Integer.html
http://mathworld.wolfram.com/Manifold.html
http://mathworld.wolfram.com/Integer.html


https://en.wikipedia.org/wiki/Flow_(mathematics)

In mathematics, a flow formalizes the idea of the motion of particles in a fluid. Flows are
ubiquitous in science, including engineering and physics. The notion of flow is basic to the
study of ordinary differential equations. Informally, a flow may be viewed as a continuous
motion of points over time. More formally, a flow is a group action of the real numbers on a
set.

The idea of a vector flow, that is, the flow determined by a vector field, occurs in the areas
of differential topology, Riemannian geometry and Lie groups. Specific examples of vector
flows include the geodesic flow, the Hamiltonian flow, the Ricci flow, the mean curvature
flow, and the Anosov flow. Flows may also be defined for systems of random variables and
stochastic processes, and occur in the study of ergodic dynamical systems. The most
celebrated of these is perhaps the Bernoulli flow.

Flow in phase space specified
by the differential equation
of a pendulum. On the x axis,
the pendulum position, and
on the y one its speed.

https://en.wikipedia.org/wiki/Flow_(mathematics
https://en.wikipedia.org/wiki/Mathematics
https://en.wikipedia.org/wiki/Engineering
https://en.wikipedia.org/wiki/Physics
https://en.wikipedia.org/wiki/Ordinary_differential_equation
https://en.wikipedia.org/wiki/Group_action
https://en.wikipedia.org/wiki/Real_number
https://en.wikipedia.org/wiki/Set_(mathematics)
https://en.wikipedia.org/wiki/Vector_flow
https://en.wikipedia.org/wiki/Vector_field
https://en.wikipedia.org/wiki/Differential_topology
https://en.wikipedia.org/wiki/Riemannian_geometry
https://en.wikipedia.org/wiki/Lie_group
https://en.wikipedia.org/wiki/Geodesic_flow
https://en.wikipedia.org/wiki/Hamiltonian_flow
https://en.wikipedia.org/wiki/Ricci_flow
https://en.wikipedia.org/wiki/Mean_curvature_flow
https://en.wikipedia.org/wiki/Anosov_flow
https://en.wikipedia.org/wiki/Random_variable
https://en.wikipedia.org/wiki/Stochastic_process
https://en.wikipedia.org/wiki/Ergodic
https://en.wikipedia.org/wiki/Dynamical_system
https://en.wikipedia.org/wiki/Bernoulli_flow
https://en.wikipedia.org/wiki/Phase_space
https://en.wikipedia.org/wiki/Pendulum


动力系统局部几何性质

两个基本问题



Why geometric view

Analytical way：

Geometric view





在⼀维系统中，导算⼦就是通常的导数；在⾼维系统中，导算⼦是雅可比算⼦，对⾼维

系统的映射，导算⼦ 是雅可比矩阵：

其中 是导算⼦，并且该动⼒系统对应于微分⽅程： .





对于常点：

对于奇点：





对于奇点，根据奇点导算⼦的特征根： ，可以将奇点分为以下⼏类：

非双曲平衡点：

双曲平衡点(Hyperbolic)：

焦点
结点
鞍点

汇点： Sink

源点： Source



特征向量： ,对应特征根

切空间：

稳定流形：

非稳定流形：



Example： a planar system



Phase portrait:



,and             to 

Unstable  line:

Stable  line:











Using Euler’s formula:

Where XRe(t) and XIm(t) are solutions of the original system







Phase portraits for a spiral sink and a spiral source.



Every nonzero vector is an eigenvector since



There is only one linearly independent eigenvector given by (1, 0).

To find other solutions, note that the system can be written：

we must have





利用以下公式重新计算上面例子中的所有结果（更加简洁）

Example：





对高维系统，情况与二维平面系统类似。只要是双曲平衡点，其邻域内的轨道
都可以于一个线性动力系统。



渐近行为（asymptotic behavior ）
关注的第二个问题：动力系统在时间无穷后的行为，也就是渐进行为。



E.g.1

E.g.2

E.g.3

The ω-limi set for most of the initial conditions represent the closed curve composed by two 
equilibria on the circle, and the heteroclinic trajectories connecting them



E.g.4



The ω-limit set of any solution emanating from the source at (π/2, π/2) is the square 
bounded by the four equilibria and the heteroclinic solutions.

E.g.5



Three equilibria: at (0, 0), (−1, 0), and (1, 0). The origin is saddle, and there are two homoclinic
solution

E.g.6











动力系统稳定性初步
（轨道道稳定性和状态稳定性）

对于现实的动⼒系统，并不是动⼒系统所
有的解都能能够被轻易观测到。有些解存在但
⼏乎不会被观测到，只有具有某种稳定性的结
构和结果才能被观测到。



或者：



根据定义：该系统是轨道稳定的。



轨道稳定的含义是：如果两条轨

道曾经有相近的点，那么就可以通过
时间轴的变换使所有的点之间的距离
不超过一定距离甚至完全重合。初略
地说，就是两条轨道经过了相似的历
史事件。





以上定义意味着：对平衡态Xe，首先选择⼀个域S(e)，对应于
每⼀个S(e),必存在⼀个域S(d),使得当t趋于⽆穷时，始于S(d)的
轨迹总不脱离域S(e)。

稳定 渐近稳定 不稳定

e是⼀个给定的稳定性指标，最终偏差小于它，则稳定；⽽d则描述了稳定域的⼤小，即
系统稳定的范围，或能忍受的最⼤⼲扰。当初始状态与平衡状态的偏差小于它时，则稳
定。对于渐近稳定，实际上就是将稳定性指标取为e=0，即要求系统最终状态完全回到
某⼀状态，即以某⼀状态为极限点。





E.g.1



E.g.2 具有非线性恢复力的振子

无阻尼：



有阻尼：



E.g.3

The origin is a stable fixed point







E.g.4梯度系统Gradient system

h(X)可以作为李亚普洛夫函数：



是梯度系统

求势函数：

同时有

考虑系统



对动⼒系统 ，构造函数满⾜：

，如果 ，则稳定。

E.g. 5



基本想法是如果系统离开某⼀状态
微小距离后，考查该系统是否随着时间
远离该状态。若不远离就是稳定，否则
为不稳定。不仅可以用于定态，也可以
用于随时间演化的状态。









E.g.











The Brusselator





，取



令

得



Routh-Hurwitz 判据


