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In a finite system with N spins, the correlation C;; between
spin i positioned at r; and spin j positioned at r; can be cal-
culated as [13]:

Cij=(5:8 ) — (S5 )) ()

where the averages are done over all configurations with
weight p({1S;}). Using C;; as its elements, a N X N corre-
lation matrix C can be obtained. C has N eigenvectors and
eigenvalues. For eigenvector b,, of eigenvalue A, there is the

relation
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Cb,=1,b,, n=1,2,...,N,




The normalized eigenvectors are orthogonal to each other and
satisty the conditions

bn ° bl = Z bjnbjl = Oul, (8)
J

where 0,, 15 the Kronecker delta.
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From the fluctuations of N spins, we can define N principal
fluctuation modes

N
65, = ) bjudSj n=12,.,N 9)
=1

J
Using the orthogonal conditions in eq. (8), the correlation be-
tween principal fluctuation modes can be calculated as:

azl = <5§n 5§l> = AuOnl. (10)

There 1s no correlation between different principal fluctuation
modes. The mean square of principal fluctuation mode 65,
1s equal to 4,,.
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We can express the correlation C;; between spin i and spin
J by eigenvectors and eigenvalues as:

N
Cij= D binbjny - (11)
n=1

We introduce Cf}’) = biybj,, which can be understood as the
correlation between spin i and spin j in the n-th principal fluc-
tuation mode. The total correlation between spin i and spin j
is obtained by summing correlations of all principal fluctua-
tion modes as:

(12)
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In ref. [13], 1t has been proposed and confirmed by the
two-diemnsional Ising model that eigenvalues satisty the fol-
lowing finite-size scaling form

Lt L) = L7 f,(L'), (13)

where 1 1s related to the critical exponent y of susceptibility
by the hypescaling relation 2 — n = y/v. Using position vec-
tors r; of spins, eigenvector b, can represented by a spatial
function b,(r;). In a finite system of volume L% and periodic
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boundary conditions, the spatial function can be expressed
as:

1 A
bu(ri) = —= ) bu(k)exp(ikr;) (14)
7R Qe

with the Fourier component

hu(k) = % Z bu(ry) exp(—ikr), (15)

where k has components k; = 27tm;/L, m; = 0,£1,+£2, ...,
J=1,2,...,d in the range —7t < k; < 7t. Fourier components
follow the relation B;‘j(k) = B,,(—k) according to eq. (15). The
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follow the relation E;(k) = lgn(—k) according to eq. (15). The
correlation function of distance can be calculated as:

g(r.1, L) = Z Z Da(rbu(r; + 1), (16)

r, n=

By using the orthogonal condition

1 : -y
¥ Z exp(ikr;) exp(ik'r;) = Sr1k0 (17)

and the finite-size scaling form of eigenvalues in eq. (13), the
correlation function of distance can be expressed as:

g(r.1.L) = L2713 N £ L) by(h)|” exp(-ikr). (18)
k

n

where kK = 2mm/ L.
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and the finite-size scaling form of eigenvalues in eq. (13), the
correlation function of distance can be expressed as:

gty = L20 NN £ L) bk exp(=ikr). (18)
nok

where k = 2mtm/ L.
From this result, we propose that the correlation function
of distance follows the finte-size scaling form

o(rt.L) = A |G (r/L.aL')). (19)

for [f| < 1 and L > a. It 1s expected that the directional de-
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From this result, we propose that the correlation function
of distance follows the finte-size scaling form

o(r,t,1) = A [ G (r/LaL'"), (19)

for |f| < 1 and L > a. It is expected that the directional de-
pendence of the universal scaling function G (r/ L,tLY V) can
be negleted for |r| < L and becomes unnegligible when |r| 1s
comparable to L.
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Correlation functions describe how microscopic variables at
different positions are related. In an infinite system with a lat-
tice spacing a , the correlation function g(r, ¢, 00) reads [1,2]
for |t| < 1 and |r| > a,

g(r,1,00) = A ™ 10(|r|/¢) (4)

with a universal scaling function @, a nonuniversal amplitude
A, and with & = &lf|™", apart from correlations to scaling.

i O(|r|/¢)

L »o0
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Using the correlation function at distances x, 2x,4x along
the x-direction in the lattice with sizes L, 2L, 4L respectively,
we can define a ratio

_ 8(x, t,L)g(4x,1,4L)

R
2(2x,1,2L)?

(23)

This ratio can be written into a scaling form as:

G(A, tLY")G(A, 22/t L)
G(/l,21/VtL1/V)2 ’

R(A,tL') =

(24)

where A = x/L. At critical point r = 0, we have R(1,0) = 1,
which is independent of A and L. At ¢t # 0, the ratio R de-
pends on both A and L. We can determine the critical point

of a system from the fixed point of R as a function of 7" for
different A and L.
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To verify the finite-size scaling structure of correlation
function in eq. (19), we investigate correlation functions of
the Ising model and the bond percolation in two-dimensional
lattice with PBC using the Monte Carlo simulation. The lat-
tice sizes L = 32, 64, and 128 are taken in our simulations.
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3 Correlation function of Ising model

At zero external field, the Ising model has the Hamiltonian

H=-J]) S (25)
(i.])
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At zero external field, the Ising model has the Hamiltonian

H=-1)ss, (25)
(&)

where interactions are restricted to the nearest neighbors and

spins can take two values, S; > {-1,+1}. A configuration
of system 1is characterized by {S;} = (§1,52,....,Sn) with
N = L x L. It has a probability p({S;}) = e /%7 /7 with
Z = Y5, e "Ml where the summation is done for all sam-
ples of configuration. The Wolft algorithm [14] is used to
simulate configurations of the Ising model.
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For N spins 1n the lattice, there are N(N)/2 correlations be-
tween spins. The correlation function g(r,t, L) 1s calculated
by the average of correlations C;; with r; — r; = r as:

2i; Cijo [r —(ri—r j)]
Zi’jéll‘—(l’,‘ —l’j)] |

g(r,t, L) =
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It has been found that the two-dimensional Ising model
in square lattice has the critical point at kg7./J = 2/In(1 +
\/5) ~ 2.269 [15], and the critical exponents v = 1 and n = %

To verity the finite-size scaling structure of correlation func-
tion, we simulate the Ising model of sizes L = 32,62, 128
around the critical point with L' = =2,0,2.
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Figure 1 (Color online) (a) Correlation function along x-axis of the Ising
model at T¢; (b) its finite-size scaling function.
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Figure 2 (Color online) (a) Correlation function along x-axis of the Ising
model below T¢; (b) its finite-size scaling function.
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Figure 3 (Color online) (a) Correlation function along x-axis of the Ising
model above T¢; (b) its finite-size scaling function.
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Figure 4 (Color online) (a) Correlation function along diagonal direction

of the Ising model at critical point; (b) its finite-size scaling function in com-
parison with that along x-axis.
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Figure 5 (Color online) (a) Correlation function along diagonal direction
of the Ising model below T ; (b) its finite-size scaling function in comparison
with that along x-axis.
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Figure 6 (Color online) (a) Correlation function along diagonal direction
of the Ising model above T; (b) its finite-size scaling function in comparison
with that along x-axis.
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Figure 7 (Color online) Log-log plot of correlation function of the Ising
model along x-axis g(AL, t, L) with respect to system size L.

g(rt,L) = A ™G (r/L L"),
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Figure 8 (Color online) Ratio R(A, L") of the Ising model with respect
to temperature at L = 32 and different A.




Here, we have proposed the finite-size scaling of correla-
tion functions in finite systems near their critical points. For
a finite system of size L at the reduced temperature ¢ =

(T — T.)/T., the correlation function at a distance r can be
scaled as g(r,t,L) = Alr|"'*"PG(r/L,tL'"). At distances
r| < L, the finite-size scaling function G(r/L,tL'") is in-
dependent of the direction of r, but it has a significant di-
rectional dependence when the distance 1s compariable to L.
From the finite-size scaling of the correlation function, we
can obtain the finite-size scalings of the susceptibility [1] and
the second moment correlation length [2].




